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Recently we have noted increasing interest in toroidal-type systems. 
One usually attempts to stabilize exchange instabilities in such sys- 
tems by using a magnetic field configuration with a minimum of 
~t1-1 dl at the center. Field configurations of this type naturally 
lead to a problem in which the magnetic fietd curvature 1/R has the 
form 

t/R = (t + z cos bz)/<R-l>, 

(the z-axis is along the magnetic field), i . e . ,  to systems with so 
called "corrugation" of the magnetic-field force lines. 

In discussion of the advantages of various configurations, the follow- 
ing question naturally arises: what forms of instability are charac- 
teristic for a given configuration of magnetic-field force line, and 
how unsafe are they ? 

As in [1,3], the present paper discusses a series of instabilities charac- 
teristic of "corrugated" systems. The effect which crossing of the 
magnetic-field lines of force exerts on an instability is taken into 
account. 

In connection with the question of stabilizing the properties of sys- 
tems with nonparallel lines of force, it is particularly important to 

investigate plasma stability for oscillation frequencies w < kzvti 
(k z is the wave vector along the z-axis, vii is the thermal velocity 
of the ions). In this range of frequencies only one instability has been 
found till now: O in T0/01nn0 > 2 (T0(x) is the temperature, and n0(x) 
is the plasma density which is nonuniform in the x direction)[4]. 

This, together with the proposed (see, for example, [5])stabilizing 
effect of Landau damping on the ions, leads one m hope that the 
plasma will be stable for short-wavelength lon~tudinal waves. How- 
ever, it will be shown here that for frequencies ~ < kzvti a fairly 
universal instability exists, and one which develops for short-wave- 
length waves. 

w L e t  us  c o n s i d e r  t h e  e f f e c t  on  p l a s m a  i n s t a b i l i t y  

of m a g n e t i c - f i e l d  p e r i o d i c i t y  in  t h e  d i r e c t i o n  of t h e  

f i e l d  ( s o - c a l l e d  " c o r r u g a t e d  s y s t e m s " )  a n d  of t h e  

c r o s s i n g  of m a g n e t i c - f i e l d  f o r c e  l i n e s  f o r  t h e  c a s e  in  
w h i c h  p e r t u r b a t i o n s  m a y  b e  a s s u m e d  to b e  p o t e n t i a l  

( r o t  E = 0). 
T a k i n g  a p e r t u r b a t i o n  of t h e  f o r m  f (x,  z) exp  (ic0t + 

+ ikyy) ,  in  t h e  m a g n e t o h y d r o d y n a m i c  a p p r o x i m a t i o n  

foi: t h e  i o n s ,  we o b t a i n  t he  e q u a t i o n  

a~l __ kv~[ gko 
Ox-'-i- ~ (co - -  e{) 

- -  i 1 ~--~~ ~ = 0 ,  

~e~2* ko = i ano vn~ (1.1)  
o)~ = ~-~ ' ~o o~ ' g = --F-" 

H e r e  ~ e  a n d  f l i  a r e  t h e  L a r m o r  f r e q u e n c i e s  of t h e  

e l e c t r o n s  a n d  i o n s ,  r e s p e c t i v e l y ,  v e i s  t h e  e l e c t r o n  

c o l l i s i o n  f r e q u e n c y ,  w e a n d  co i a r e  t h e  e l e c t r o n  a n d  

ion  d r i f t  f r e q u e n c i e s ,  n o i s  t h e  u n p e r t u r b e d  p l a s m a  

d e n s i t y ,  a n d  v t i  i s  t h e  t h e r m a l  v e l o c i t y  of t h e  i o n s .  

T h e  a c c e l e r a t i o n  of t h e  e f f e c t i v e  f o r c e  of g r a v i t y  
d i r e c t e d  o u t w a r d  f r o m  the  p l a s m a  w i l l  b e  t a k e n  to  
v a r y  p e r i o d i c a l l y  a l o n g  t h e  m a g n e t i c  f i e l d  in  w h a t  

f o l l o w s ,  s o  t h a t  

t 1 
--ff = ~ (1 + e cos bz) 

2~ 

0 

w h e r e  R -1 a n d  <R -i) a r e  t h e  l o c a l  a n d  a v e r a g e  c u r v a -  

t u r e s  of t h e  m a g n e t i c - f i e l d  f o r c e  l i n e s .  

We  a s s u m e  t h a t  t h e  c o e f f i c i e n t s  in  (1.1)  a r e  s l o w l y  

v a r y i n g  f u n c t i o n s  of x ( the  t r a n s v e r s e  c o o r d i n a t e )  
a n d  we  l o o k  f o r  a s o l u t i o n  of t h i s  e q u a t i o n  in  t h e  f o r m  

of f = X(x) Z(z) .  We  o b t a i n  t h e  f o l l o w i n g  s y s t e m  w i t h  

t h e  s e p a r a t i o n  c o n s t a n t  x2: 

k ' gko X" + ( - -  ky 2 -- u ~ + ~ ~o~a) + 

�9 %(o(') 1 + ~ k ~ ' X ' x '  X = O ,  (1.2)  

ekuegk ~ . \ 
Z" + i u~~176 - i  ~ cos oz l Z = O " 

(%0) (2) r / 
(1.3) 

In ( ! . 2 )  a n d  (1.3)  we  a l l ow  f o r  t h e  e f f e c t  of t h e  c r o s s i n g  

of l i n e s  of f o r c e  a r i s i n g  f r o m  t h e  c o n d i t i o n  

k n = kze: -}- Exkuev, Z = dO / d x .  

H e r e  kjl i s  t h e  w a v e  v e c t o r  in  t h e  d i r e c t i o n  of t h e  

m a g n e t i c  f i e l d ,  a n d  e z a n d  ey  a r e  u n i t  v e c t o r s  a l o n g  

t h e  r e s p e c t i v e  a x e s .  
W e  n o t e  t h a t  by  a p p l y i n g  a v a r i a t i o n a l  a p p r o a c h  

to  Eq .  (1 .1) ,  we c a n  r e d u c e  t h e  p r o b l e m  i m m e d i a t e l y  

to  a s i n g l e  e q u a t i o n  in t h e  z d i r e c t i o n ,  c h o o s i n g  t h e  

p e r t u r b a t i o n  in  t h e  x d i r e c t i o n  c o r r e c t l y .  A c t u a l l y  

(1.1)  c a n  b e  o b t a i n e d  b y  v a r i a t i o n  of t h e  q u a d r a t i c  

f o r m  

l 

- -  ~ ~)o)(i) (1.4) 

I n t r o d u c i n g  a l o c a l i z e d  p e r t u r b a t i o n  in  t h e  x d i r e c -  

t i o n  h a v i n g  t h e  f o r m  ~ e x p ( - x ~ / 2 6 z ) ,  we  o b t a i n  

M = ~  dx  f x~ ' 2 ~  { -~- (D - -  k~ �9 - -  

_ + 
oo (t) L 
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(oa) ~= co-- oh, o)~) _= (a - -  (oi--  (o0. (1.5) 

Vary ing  (1.5) with r e s p e c t  to 6 and ~,  we obta in  
the  e x p r e s s i o n  

6 ' =  ( i  ~ )v, , (1.6) 
o , oaf2)~2k y2 

03@ [" . o 0 ) 0 ) /  t , kv~\+) 
Oz" [ - - '  o - - ~  ~-~ ~ -  

X28~ ] 
+ k v ~ + i ~ k y  2 O ~ 0  (1.7) 

0)StO 

R e m e m b e r i n g  tha t  R -1 = (R - t )  (1 + e cos  2z),  i t  i s  
c l e a r  tha t  r e l a t i o n s  (1.6) and (1.7) a r e  equ iva len t  to 
(1.2) and (1.3). 

The r eg ion  6 is  e s s e n t i a l l y  a s s o c i a t e d  with  the  
p r e s e n c e  of X = d0/dx. 

The fol lowing fac t  is  of i n t e r e s t .  We see  f r o m  (1.5) 
tha t  for  w i = w e = 0 th is  r eg ion  c o r r e s p o n d s  to the  
d imens ion  of the l o c a l i z a t i o n  reg ion  found in [6] by 
ana lyz ing  a f o u r t h - o r d e r  equat ion for  nonpotent ia l  
p e r t u r b a t i o n s ,  which may  be d i s p e n s e d  with in the  
p r e s e n t  case .  The r e a s o n  for  th is  is  as  fo l lows.  

When dea l ing  with  the equat ion ~ I V  _ u2~,,  + 
+ u t 9  = 0, i t  i s  known (see ,  for  example ,  [7]) that  the 
second  p a i r  of so lu t ions  e x e r t s  weak  inf luence on the 
s p e c t r u m  of e igenva lues  fo r  a symp to t i c  so lu t ions  

- ~ x p  ( +  ~(u;cO':,). 
New solu t ions  c o n s i d e r e d  in [6] c o r r e s p o n d t h e  s o l u -  

t ions given above fo r  po ten t i a l  p e r t u r b a t i o n s  (at l e a s t  
fo r  the s o - c a l l e d  "g r av i t a t i ona l "  mode) .  

We now inves t iga t e  Eqs.  (1 .2)and(1 .3) .  The f i r s t  
of t he se  is  a S e h r ~ d i n g e r - t y p e  equat ion,  the  second  a 
Mathieu equat ion.  

The e igenva lues  of Eq. (1.2) a r e  d e t e r m i n e d  by 
the r e l a t i o n  

�9 w - - -  o0)(t)  = \ - -  ~ o - - ~ i T /  kv~' 

(n = 0, l, 2 . . . .  ).  (1.8) 

We w r i t e  Eq. (1.3) in the f o r m  

Z "  + (a - -  2q cos 2z) Z =  0 ,  

48kv~gk o . 4 ~ o o  Ct) 2q " ~ .  
a = t ~ (0sO)(~) , _ = ~, b2(os(o(2) 

( 1 . 9 )  

The condi t ion tha t  the  so lu t ion  of (1.3) should  be  
p e r i o d i c  fo r  q ~< 1 can then be r e p r e s e n t e d  in the f o r m  
[ 8 ]  

�9 ~ ~oxo(1) b~m ~ 1 f sk~gko ~ ~. 
%r 2 2(m~__l) b 2 k ~  ] (1.10) 

Re la t ions  (1.8) and (1.10) define the d i s p e r s i o n  
equat ion fo r  (1.2) and (1.3) in t e r m s  of x 2 (m = 
= 0 , 1 , 2 , . . .  ). 

It is  c l e a r  f r o m  (1.8) tha t  if the  p r i n c i p a l  t e r m  on 
the l e f t -hand  s ide  is  kv 2, t h e r e  a r e  no f in i te  so lu t ions .  
It is  a s s u m e d  h e r e  tha t  the t e r m  a s s o c i a t e d  wi th  Z 

m a k e s  the p r i n c i p a l  con t r ibu t ion  to  the v a r y i n g  p a r t  
of the "po ten t ia l "  in Eq. (1.2). 

This  equat ion d e s c r i b e s  the  o s c i l l a t i o n  modes  
which develop  in d r i f t  waves  in the p r e s e n c e  of d i s -  
s ipa t ive  f a c t o r s  (the s o - c a l l e d  " d r i f t - d i s s i p a t i v e "  
mode)  and a g r a v i t a t i o n a l  po ten t ia l  ( g r av i t a t i ona l  d i s -  
s i pa t i ve  mode) .  The above r e m a r k  exp la ins  why the 
" d r i f t - d i s s i p a t i v e "  mode is  nonfini te .  

F o r  the  z e r o t h  h a r m o n i c  of so lu t ion  (1.10) (m = 0) 
and q > 1, the d i s p e r s i o n  equat ion 

o)s(o(s) V* 

has  no f in i te  so lu t ions .  Here  the  a v e r a g e  c u r v a t u r e  
has  been  taken to have the s ign  of the s t ab le  c o n f i g u r a -  
t ion.  

F in i t e  so lu t ions  e x i s t  only fo r  Igko/wW(OI > 1, 
which c o r r e s p o n d s  to q > 1. In th is  c a s e  (q > 1), a c -  / 

c u r a t e  to t e r m s  of the o r d e r  ~ql/2,  the d i s p e r s i o n  
equat ion has  the  f o r m  

- - i  T~176176 + igk~ ) , ( i .12)  

o r  

[ (0 o (~) x '/, 
1 + 

If 1 is  neg l ig ib ly  s m a l l  in c o m p a r i s o n  with gk0(e - 
- 1)/wwO), p r o v i d e d  tha t  w i ~ w e ~ 0, we obtain 

L % ~'J ' 

which c o r r e s p o n d s  to an a p e r i o d i c  i n s t ab i l i t y  wi th  the 
g iven  i n c r e m e n t  and co inc ides  wi th  the  r e s u l t s  ob -  
t a i n e d  in [1]. 

The i n c r e m e n t  of th is  i n s t ab i l i t y  c o r r e s p o n d s  to 
the  g r a v i t a t i o n a l  d i s s i p a t i v e  mode,  but  is  c o n s i d e r -  
ab ly  l e s s  than in the  absence  of longi tud ina l  c o r r u g a -  
t ion.  

w The ques t ion  of the s t ab i l i z i ng  p r o p e r t i e s  of 
c o r r u g a t e d  s y s t e m s  is  of p a r t i c u l a r  i m p o r t a n c e  owing 
to the f ac t  tha t  sy .s tems with  c r o s s e d  magne t i c  f i e ld  
l i ne s  a r e  ev iden t ly  not  ve ry  ef fec t ive .  The p a r t p l a y e d  
by th is  f ac to r  r e a l l y  c o m e s  down to the  f ac t  that  p e r -  
t u rba t i ons  wi th  s m a l l  k z a r e  v e r y  much l o c a l i z e d  in 
the t r a n s v e r s e  d i r ec t ion ,  and th is  r e d u c e s  anomalous  
di f fus ion ( see  [9]). However ,  the  ques t ion  of p l a s m a  
s t ab i l i t y  for  p e r t u r b a t i o n s  kz > w/vt i  s t i l l  r e m a i n s .  

We wi l l  show that  such p e r t u r b a t i o n s  a r e  uns tab le  
f o r  a c o l l i s i o n l e s s  r e g i m e .  The d i s p e r s i o n  for  a h i g h  
t e m p e r a t u r e  p l a s m a  ob ta ined  in [4] is  w r i t t e n  in the 
f o r m  

~ )r-~ (~ ~ W ( ~ ) 
2 + 7 r0 (,.) + 

+'V~w( 'O ) ~:,--7 ~ ro tnO(~ - ~ )  = o ,  

r0 (n) = WI0  (n), ~. = k:e ,  n, = k : i .  (2.1)  

Here  Io0?) is  a B e s s e l  funct ion of i m a g i n a r y  a r g u -  
ment ,  and W(x) is  a K r a m p  funct ion.  We take  a s y m p -  
to t ic  f o r m s  of the  funct ions  



JOURNAL OF APPLIED MECHANICS AND TECHNICAL PHYSICS 9 

F0 (~i) fo r  ~yri >~ t, F0 (~t~) for  k~r e ~ 1, 

W ( ~ )  for  o3~kzVtl. 

As a resu l t  we have the following equation: 

ilz~: 
2--[- k-~t ,co-- c%)(~ -F 2i-- ~-~----~ + 

co -- co i 0 

from which we find that Im w ~ Re w ~ kzvti2kyri/wi . 

From the assumption that w/kzvti < i, the condition 
for the existence of a solution is kz << k 0. 

Let us consider the diffusion which develops for 

the instability in question. Using the formula for the 

diffusion coefficient D ~ Imo)kx2 and remembering 

that in the present case k x ~ r e (r e is the electron 

Larmor radius), we have D ~ re2Vti/r (r is thetrans- 

verse dimension of the system). 

Clearly this coefficient is muchless than the Baum~ 

diffusion coefficient, but in a high-temperature regime 
may lead to dangerous particle losses. 

We are grateful to A. A. Galeev for useful dis- 

cussions. 
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